
Droplet Dynamics in Vertical Gas-Liquid 
Annular Flow 

Data for the two-dimensional velocity and size of entrained drops 
carried by the gas core during upward annular gas liquid flow are 
presented. The measurements of velocity and size were made simulta- 
neously using a new experimental technique. Information on the varia- 
tion of the drop velocity with flow rates, radial position in the core, and 
drop size are presented and analyzed. Droplet velocity is shown to 
increase with size, counter to intuitive expectation. This is explained in 
terms of highly modified drag-Reynolds number relationships caused by 
the high turbulence level in the core. 

Introduction 
During the simultaneous upward flow of gas and liquid in a 

vertical pipe a variety of flow patterns can exist. At high gas and 
low liquid flow rates an annular flow pattern is observed. Here 
part of the liquid flows upward along the wall as a thin, highly 
wavy film with the gas flowing in the core. The remainder of the 
liquid is carried by the gas phase in the form of drops. Condi- 
tions exist where a considerable fraction of the liquid feed is 
entrained, as shown by Ueda (1981). Zabaras et al. (1986), and 
others. The distribution of the liquid between the film and dis- 
persed phase and the process of interchange as drops deposit into 
the film and new drops are created by the gas flow can have pro- 
found effects on transfer phenomena. Attempts to model these 
processes ignoring the role of the drops can lead to considerable 
error, as recently shown with respect to momentum transfer 
(Lopes and Dukler, 1986). The prediction of rates of deposition 
and the motion of the drops relative to the gas phase requires an 
understanding of the dynamics of the drop motion. 

Experimental difficulties have resulted in few applicable 
studies in the literature. In order to obtain useful information it 
is necessary to simultaneously measure size and velocity of the 
individual drops in a fast-moving gas stream. Most earlier stud- 
ies analyzed photographic records obtained from high-speed 
flash, cine film, or video tape. The difficulty in locating and 
tracking individual drops and the tedium of frame study 
resulted in relative few measurements for each condition. There- 
fore the statistical reliability of the data was low. This method 
averages the information over the tube cross-sectional area and 
over at least a few diameters of axial length. As a result, extract- 
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ing data for local values is not possible. In these photographic 
methods only one component of the velocity was reported. Laser 
velocimetry methods have also been used. Here there is a special 
problem of optically penetrating the annular film. In addition, 
this method depends on the existence of Mie scattering, which is 
suppressed for the large drops observed in annular flow. 

A summary of previously reported data can be found in Table 
1, from which the very limited nature of this information can be 
discerned. In the present work simultaneous measurements were 
made of the size as well as the axial and radial components of 
the velocity vector along the radius in the gas core. This paper 
presents the velocity data and their dependence on flow condi- 
tions, radial position, and drop size. In an attempt to interpret 
the data, speculations are advanced for the nature of the interac- 
tions between the gas and drops in this highly turbulent gas 
core. 

Droplet Velocity Measurements 
Experimental technique 

The annual flow experiments were conducted in a 10 m long 
vertical Plexiglas cylindrical pipe of 50.74 +. 0.18 mm ID. The 
fluids used were air and water, which were injected at the bot- 
tom of the column. Both temperature and pressure were moni- 
tored at the measuring location and experiments were run at 
superficial velocities in the ranges 14-25 m/s for the gas and 
0.03-0.12 m/s for the liquid. The experimental measurements 
of droplet sizes and velocities were made at  8.9 m from the gas 
injection point, equivalent to a distance of 175 pipe diameters. 

The simultaneous measurement of droplet diameter and two 
droplet velocity components was obtained by use of an optical 
laser technique originally developed by Semiat and Dukler 
(1981). A comprehensive description of the method applied to 
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Table 1. Previous Experimental Work on Simultaneous Measurement of Droplet Size and Velocity in Annular Flow 

Tube Gas Velocity No. of Data Drop Size 
Dia. E x q .  Velocity Range Points per Range 

Source Geometry Fluids mm Technique Measured m/s Flow Condition wn 
Cousins & 

Hewitt (1968) Circular pipe Air/water 9.5 Cine-film Axial 28.5-49.1 max. 83 105-405 

Hall (1981) Circular pipe Steam/water 15 Videotape Axial 5.5-13.4 max. 300 250-1,000 

Two-color 
et al. (1982) Circular pipe Air/water 10 L.D.A. Axial 41 max. 1,OOO max. 100 

Ardron & 

Yeoman 

~~ ~ 

Tong Rod bundle 
250-3.000 et al. (1 983) square pitch Steam/water 20' Cine-film Axial 15-24 max. 330 

James 
et al. ( I  980) Circular pipe Air/water 22 Cine-film Radial 24 30 170-1.1 50 

Andreussi & 
Azzopardi (1981) Circular pipe Air/water 22 Cine-film Radial 24 min. 50 300-1,OOO 

Langner & High-speed 

Wilkes 

Mayinger (1982) Circular pipe Vapor/R12 14 cine Radial 4 40 100-1,oO0 

- - - et al. (1983) Circular pipe Air/water 10 Cine-film Radial 

'Equivalent diameter for a four-rod flow cell 

annual flow can be found in Lopes and Dukler (1 986). With this 
technique, at a fixed radial position, for each droplet detected 
three simultaneous measurements were obtained: the droplet 
diameter, d, the droplet axial velocity in the direction of the gas 
flow, vz, and the droplet radial velocity in a direction normal to 
the tube centerline, v,. 

For each experiment the number of drops sampled was large 
enough so that the 95% confidence interval limit was within 3% 
and 9% for the average axial and radial velocities, respectively. 
Measurements were made at three radial locations. 

Axial velocity 
Typical probability density data for the axial velocities as 

measured at the centerline are presented in Figure I .  The solid 

0'16 1 ULS = 0.034 (rnls) 

curves represent the best fit using a Gaussian model. Mean val- 
ues of the axial velocity, vz, appear in Figure 2, where it is seen 
that V,, is only weakly dependent on liquid rate. 

The difference in velocity between the gas and the droplet 
phase determines the slip velocity, Us - UG - u2, and the slip 
ratio, SR, defined as: 

- 

While the local gas velocity was not measured in this study, i ts  
value at the axis, UGo, can be estimated from the universal veloc- 
ity distribution law discussed by Schlichting (1979): 

(2) uGo - 3.75u* -k U G S  
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Figure 1. Probability denslty function for axial velocity. 
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Figure 2. Average axial velocity at the centerline. 

where u* is the gas friction velocity and UGs is the superficial gas 
velocity. This relationship is shown by Schlichting to be equally 
valid for smooth and rough pipes. The average slip velocity a t  
the centerline, Use, can be found from: 

and the corresponding slip ratio by: 

For each experimental condition, measured values of pressure 
gradient and film thickness were used to calculate total mo- 
mentum exchange with the interface. That portion due to drop- 
let interchange was excluded in the manner discussed by Lopes 
and Dukler (1986) and the remainder used to compute the inter- 
facial shear T~ from which u* was calculated. Equation 4 was 
then used to find SRo. The results, which appear in Figure 3, 
again show an insensitivity to liquid rate. Of importance is the 
fact that the slip is of the order of 50% of the gas rate, much 
larger than previously thought to exist. 

From the experiments a t  different radial locations the aver- 
age droplet velocities obtained are plotted against the measure- 

o.2 t 
OL 
4 5 6 7 8 9 10 

R~~~ x 10-4 

Figure 3. Experimental slip ratio vs. gas Reynolds num- 
ber at centerline. 

ment radial location, r,, in Figure 4. These results reveal the 
presence of a velocity profile for 5=, but one that is only weakly 
dependent on r .  The lowest values of is, are found near the wall. 
Nevertheless, the curvature of the profile is very small for all 
cases and its shape seems to be maintained for different values 
of UGs and U,. 

The large number of measurements made a t  each flow condi- 
tion (500-700) permitted the use of conditional sampling analy- 
sis to explore the effect of size on the drop velocities. From each 
experimental flow condition a set of N samples was obtained. 
The droplets were then sorted into classes of droplets of mean 
diameter, 8. Each class was defined by dividing the observed 
maximum size range {O < d 5 d,,,,,}, into fifteen equal intervals. 
For each class, characterized by d', the average class velocities, 
vi and 5:, were then computed. 

Figures 5a through 5c present 3 vs. de at  the centerline for 
three different values of Uu, each over a range of UGs. Typical 
data off the centerline can be found in Figures 6a through 6d. 
The unexpected results that emerge from these data are that 
axial velocities increase markedly with increasing drop size. The 
larger droplets move faster than the smaller ones. In fact, the 
relative effect of the drop diameter in some cases is stronger 
than that of the gas velocity which provides the driving force. 
This is consistent for all liquid rates. The standard deviations for 
the class average velocities were of the order of 3 m/s. There- 
fore, every drop with larger value of d does not necessarily travel 
faster than drops with smaller diameter, but on average this is 
true. Near the centerline the mean drop velocity approaches or 
exceeds the superficial velocity UGs. However the local velocity 
a t  the centerline is approximately 1.4 UGs as indicated by Eq. 2. 
Thus, the gas velocity exceeds the drop velocity a t  all radial 
locations, as is expected. 

The dependence of 3 on UGs is weak. This can be explained by 
the shape of the 3 vs. 2 curves. Figure 7 shows curves of 5; vs. de 
for a given U, and two values of UGs, along with probability 
density distributions of the drop sizes for each flow rate. An 
increase in the gas rate results in a shift to smaller drop sizes. 
The smaller drop sizes travel a t  lower velocities. Thus, the aver- 
age velocity is lower than it would be if the size distribution 
remained unchanged as the gas rate increases. 

It is interesting to observe that for the position closest to the 
wall, r, = 2.0 cm (Figures 6b and 6d), the curve 5; vs. de passes 

- 
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0 18 0.034 
+ 18 0.121 

5 t  
0 

0 0.5 1.0 1.5 2.0 2.5 
I M  (cm) 

Figure 4. Average droplet axial velocity radial profiles for 
different flow rates. 
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Figure 5. Experimental droplet axial velocity vs. droplet size for different liquid and gas rates at centerline. 

through a maximum, i.e., the large particles that are fastest at 
the center position are not necessarily the fastest closer to the 
wall. However, as they move toward the center these large drop- 
lets undergo the biggest increase in velocity compared to the 
other sizes. This reveals that they are under the influence of 
larger accelerations than those of the smaller drops. This effect 
will be analyzed in a section below. 

Radial velocity 
The mean lateral velocity of the drops is zero as a result of the 

axial symmetry. However, of interest is the mean radial velocity 

- 
u,. This appears in Figure 8 as a function of the dimensionless 
gas rate, ReGs, for all the radial positions. The values are much 
smaller than mean axial velocities measured for the same condi- 
tions and are essentially constant and independent of liquid rates 
and radial position. 

Andreussi and Azzopardi (198l), following a suggestion 
made by Tatterson (1979, speculated that the kinetic energy of 
the droplet is proportional to the work done by the gas pressure 
forces on the wave as the drop is formed. The result is that ?;, is 
proportional to the friction velocity u*. This was confirmed by 
Wilkes et al. (1983) working with a different pipe size. In this 
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Figure 7. Simultaneous droplet axiai velocities and droplet size distrlbutions for different liquid and gas rates. 

study the values of u* based on the interfacial shear and gas 
density varied only between 1.9 and 2.0 m/s for the full range of 
gas and liquid rates. Thus the constancy of Z;, is consistent with 
earlier work. 

This independence of average radial velocity with radial posi- 
tion suggests that the lateral velocity of the droplet is constant 
along the droplet flight path. The analysis of the class averages 
of the radial velocity, E:, revealed an almost constant value of 5: 
for all values of 6. This is in agreement with the results of 
Andreussi and Azzopardi and reinforces the idea that in annular 
flow the radial velocity of droplets of this size range is mainly 
controlled by the velocity at which the droplets are ejected from 
the waves. The constancy of 5; also implies that the droplets 

r, = 0 1.0 1.5 2.0 ULs (rnls) - - - -  
O B  B B 0.034 
A 0.069 

0.121 0 0  Q 

Ol I I I 1 

4 5 6 7 8 9 10 

Reos x l o d 4  

Figure 8. Dependence of average radial velocity on flow 
rates and radial position. 

have, on average, the same flight times, independent of their 
sizes. 

Equation of Motion of Droplets in Annular Flow 
Consider a liquid droplet of volume V and density p,, at any 

arbitrary time t ,  traveling through a gas of density pg, which 
experiences a frictional pressure gradient, vp, as a result of its 
flow. Assuming no mass transfer between phases, the following 
equation of motion applies to the droplet: 

where is the droplet velocity vector relative to a fixed frame of 
reference, y is the liquid-gas density ratio p,/pp g is the accelera- 
tion of gravity, k is the unit vector pointing upward in the verti- 
cal direction and _F, is the net drag force on the droplet resulting 
from the relative motion of the gas and liquid. The velocity and 
position of the particle as a function of time can be found by 
double integration of Eq. 5 .  For this purpose - FD must be speci- 
fied. 

The extensive research leading to an understanding of _FD has 
been summarized by Clift et al. (1978). Most of the results that 
appear in the literature have been based on measurements made 
under conditions of steady motion in fields of low turbulence 
intensity. However, in two-phase annular flow the velocity fluc- 
tuations in the gas core are high, consistent with the large values 
of the interfacial shear that have been measured. High turbu- 
lence intensities are known to have profound effects on the tran- 
sition and separation in boundary layers, as will be discussed 
below. Thus they can be expected to influence the particle 
drag. 
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Drag force 
The classical equation by Basset, Boussinesq, and Oseen 

(BBO) provides a general relationship for the drag force, F D ,  
during creeping motion of an accelerating particle as it passes 
through a stagnant fluid. Odar and Hamilton (1964) suggested 
that the equation could be extended to higher velocities by 
replacing the drag coefficient for Stokes flow with the true drag 
coefficient, C,. In the presence of a flowing gas stream this rela- 
tion can be further generalized to include the relative velocity. 
The result is: 

where B ( t )  is the Basset integral, given by: 

B ( t )  = $‘(: vR) ( t  - ds 
-m I-s 

(7) 

where vR = v - UG is the droplet relative velocity, and p g  and pg 
are the density and viscosity of the gas, respectively. The first 
term in Eq. 6 corresponds to the drag for the steady motion, the 
second is the added mass term, the third is the Basset term 
accounting for added drag due to velocity of the particle along 
its path. The last term is the extra force necessary to accelerate 
the fluid that would occupy Vif the particle were absent. For the 
case of liquid drops in low-density air the last three terms in Eq. 
6 are negligible compared to the first. Then, Eq. 6 can be simpli- 
fied and extended to three-dimensional motion through the fol- 
lowing expression: 

where C, is computed a t  a Reynolds number Re with the rela- 
tive speed )IvRI/. The simplification that C, be calculated at  vR,, 
the ith component of cR can lead to significant error for Re > 1, 
although correct in Stokes flow (Rudinger, 1974). 

Replacing Eq. 8 in the equation of motion, Eq. 5, results in: 

where zR = 2 - c,. In Eq. 9 the total droplet acceleration is 
given by the sum of three acceleration terms: 

The gravitational acceleration that is constant for incom- 
pressible gas flow. 

The gas frictional pressure gradient acceleration that de- 
pends on the gas flow rate through the conduit. While the local 
values may vary due to the turbulent motion of the gas, the time 
average vertical component of the pressure gradient, 03, is con- 
stant over a cross section of the column. 

The drag acceleration. 

Drag coeflcient curves 

The widely used standard drag curve shown in Figure 9 is a fit 
to experimental C, data obtained for solid nonrotating spheres 
moving at  terminal velocity through an unbounded quiescent 

10’ 1 1 

1 10 102 103 lo4 lo5 lo6 10’ 
Re 

Figure 9. Standard drag curve. 

fluid. The nature of the flow around the sphere changes with 
Reynolds number and it is useful to summarize what appears to 
be known: 

0 < Re < 20: A laminar boundary layer surrounds the body 
and viscous forces dominate. Separation occurs close to Re = 20 
near the rear stagnation point, and as a result the form drag 
begins to contribute to the total drag. 

20 < Re <: 10’: The separation point moves toward the front 
of the sphere and the form drag increases relative to skin fric- 
tion. At Re = 130 the wake is no longer stable and vortex shed- 
ding starts. The drag curve starts to level out. At Re = 150 the 
form drag equals the skin drag and exceeds it from that point on. 
For Re > 400, vortex shedding starts from alternate sides of the 
sphere and the wake continues to grow in length with little 
change in width. 

lo’ < Re < 3.2 x los: Over this Newton’s law region the 
drag coefficient is about constant a t  C, = 0.44. As the upper 
limit is approached the laminar boundary layer has receded to a 
separation point located about 83’ from the front stagnation 
point. 

3.2 x lo5 < Re < 4 x lo’: Catastrophe occurs and Co 
quickly drops to its lowest value. This occurs because the 
attached portion of the boundary becomes turbulent and after 
separation it reattaches to the surface of the sphere at  about 
130° from the front, forming a large separation bubble. The 
form drag reduces as a result of the smaller wake. Dryden et al. 
(1937) defined the critical Reynolds number, Re,, as the value 
at  which C, first reaches a value of 0.3 as it decreases, and this 
has been the generally accepted defintion. With further in- 
creases in Re past the critical, the separation bubble decreases 
until it disappears when C, is a minimum. 

Re < 4 x los: Further increase in Re moves the separation 
point toward the front with increase in the form drag. 

Data from annular flow experiments reported here show that 
10 < Re < lo’ is a region where C, decreases with Re according 
to the standard curve. Use of this curve for C, in Eq. 9 predicts 
that the small particles move faster than the larger ones, a result 
contrary to experiment. It would appear that during annular 
flow the situation could be significantly different from that pre- 
dicted by the standard curve for three possible reasons: 

a. The drops are not spherical, the condition on which the 
data of Figure 9 are based. 

b. The acceleration experienced by the drops causes changes 
in C,. 

c. The existence of a turbulent carrier fluid rather than an 
undisturbed one causes significant changes in the drag curve. 

Photographic studies by Cousins and Hewitt (1968) and 
Langner and Mayinger (1982) show that in upward annular 
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flow even the largest of drops is remarkably spherical. There 
have been numerous studies on the effect of acceleration on drag 
(Torobin and Gauvin, 1961; Marchildon and Gauvin, 1979; 
Temkin and Mehta, 1982) with conflicting results. Even for the 
largest reported effects it is possible to conclude that the 
influence of the acceleration on drag is not large enough to 
explain the behavior observed in the annular flow experiments. 

A substantial circumstantial case can be made for the specu- 
lation that the characteristics of the turbulence have a large 
influence on the drag coefficient. It has long been known 
(Schlichting, 1979) that even low levels of turbulent intensity in 
the free stream can result in large changes in the Reynolds num- 
ber at which the boundary layer transition to turbulence takes 
place. Since the sharp drop in C, for spheres is associated with 
such a transition as discussed above, turbulent intensity should 
influence the value of the critical Re at the "crisis" and it has, 
indeed, been observed (Dryden et al., 1937; Torobin and Gau- 
vin, 1961; Clamen and Gauvin. 1969; Neve et al., 1986. Taylor 
(1936) argued that the relationship between the Eulerian 
macroscale and the particle diameter payed a key role, and 
Neve (1986) appears to show some scale effects for measure- 
ments on large spheres made behind large grids. While the 
influence of the large-scale structure of the turbulence can be 
expected to have an effect on large spheres, it seems unlikely to 
be important for the drops considered here, which are less than 
2,000 I.rm in diameter. Gauvin, in his several papers likewise dis- 
counts the possibility that scale has any importance. 

All of these considerations suggest a strong dependence of the 
C,-Re curve on the relative turbulence intensity, I,: 

u,,,,, being the root mean square turbulent gas velocity. Previous 
investigators have studied the effect of turbulence over various 
ranges of the C,-Re curve. Therefore in order to evolve a 
coherent picture of the effect of I,, which would be useful for 
computation, it is necessary to construct a piecewise description 
from several studies. Figure 10 is such a description for a con- 
stant I ,  where the different ranges are defined by results of dif- 
ferent investigators. For each range the applicable equations are 
as follows: 

log,, Re, = 5.477-15.81, for I ,  5 0.15 ( 1  1) 

Re, Re, Re, Log Re 

Figure 10. Schematic particle drag curve for a flxed level 
of turbulence. 

C, - 0.3(Re/Rec)-' for 0.9Rec -E Re c Re, (18) 

C, - 0.3 (Re/Reu)(o"S+ZO'R) for Rev c Re 5 Re, (19) 

C, = 3,990 (log,, Re)-6.' - 4.47 x 10sI~o.97Re-1.8 

for 1 , ~  0.07 and Re, 5 Re 5 3 x lo" (20) 

24 0.42 
C, = - ( 1 + 0.1 SRe'."') + 

Re (1 + 4.25 

for I R  < 0.07, Re I 10'. (21) 

Equations 11-15 were suggested by Clift and Gauvin (1971), 
Eqs. 16-17 by Uhlerr and Sinclair (1970), Eqs. 18-20 by Clift 
and Gauvin ( 1  97 l), and Eq. 2 1 by Clift and Gauvin (1970). 

These empirical equations display discontinuities in some 
cases where they intersect, as shown by the solid line in Figure 
10. Clearly the actual curves must be continuous. In order to 
eliminate these discontinuities to permit use of these data in 
numerical algorithms, the individual branches were matched at 
their intersections. As a result, changes were made to some of 
the above equations as follows. The limits on Equation 17 
become: 

for 0.07 5 I ,  5 0.5 and 50 < Re < min {0.9Rec, 7001 

and a correction factor Cc is introduced into Eq. 20: 

C,= 3,990(10g,,Re)-~.' - 4.47 x IO'(1, + Cc)-0.97Re-'.S (22) 
log,,Re, = 3.371-1.751, for 1, > 0.15 (12) 

where 
log,, Re, = 6.878-23.21, for I R  5 0.15 (13) 

log,, Re, = 3.663-1.771, for I R  > 0.15 (14) 

and 

C, = 1621y3 Re-' 

for 0.05 5 I ,  5 0.5 and 10 < Re < 50 (16) 

C, = 0.133(1 + 150Re-L)1"65 + 41, 

for 0.07 I I ,  5 0.5 and 50 < Re < 700 (17) 

DRAG CURVE 
Turbulent Field 

Cc - kl exp (k21RRe + k,Re)i*,' (23) 

and the constants assume the following values: 

kl = 2.42 
k, = -6.01 x 

k3 .= -2.90 x lo-' 
k4 = -2.72 x lo-'. 

With these adjustments, there now is in place a consistent set 
of equations with which drag coefficients can be estimated from 
the Reynolds number. Figure 1 1 shows the drag curves obtained 
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lo2 i 
in this way for various values of ZR. These can be used in Eq. 9 to 
calculate the dynamic behavior of the drops in annular flow. 

10' 

CD 
1 00 

.o 
10-1 

Droplet terminal velocity 
The terminal velocity for the droplet is achieved when the 

forces acting on it are in balance. When the pressure gradient 
contribution is negligible, and for vertical rectilinear motion, 
Eq. 9 reduces to: 

(y - l)g + -- 3 CD IVR,lVR, = 0. 
4 d  

The solutions of this equation, for the case of water droplets in 
air at atmospheric pressure, are plotted in Figure 12a using the 
standard drag curve. In this case with IR = 0, the smallest drop- 
lets will travel faster than the larger ones at equilibrium. 
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Re 

Figure 11. Particle drag curves for different levels of tur- 
b u I e n c 8. 
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Figure 12. Bifurcatfon diagrams of terminal velocity vs. droplet size for different levels of turbulence. 
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For I R  # 0, a systematic search for solutions of Eq. 24 using 
the drag curve defined by Eqs. 11-23 was performed. For every 
diameter increment of 50 pm over the range 0 < d < 3,000 pm, 
the existence of solutions was determined numerically for each 
0.1 m/s interval of terminal velocity in the range of 0 to 30 m/s. 
The results are plotted in Figures 12b through 12j in the form of 
lvRrl vs. d for selected values of the turbulence intensity, u,,. 
For certain values of d, and at  fixed u,, there are multiple val- 
ues of uRr that satisfy Eq. 24. The multiplicity degree is always 
an odd number, being 1, 3, or 5 .  Furthermore, it is no longer 
always true that larger diameters correspond to higher terminal 
velocities. Each point in Figures 12a through 12j is identified 
with the particular branch of the drag curve where the drag 
coefficient is found for that terminal velocity (see Figure 10). 

The values of u, selected for these curves represent typical 
bifurcation diagrams found. The evolution of these diagrams 
with increasing values of u, can be described as follows: 

0.0 < u , ~  5 0.9: A single-valued solution curve is found 
similar to that found for I R  = 0 in Figure 12a. 

0.9 < u , ~  5 1.1: The first multivalued region appears in the 
solution of multiplicity three, forming a bifurcation diagram of 
the hysteresis type, Figure 12b. 

1.1 < u, 5; 1.5: A second region of multiplicity three 
appears, of the same hysteresis type, at lower values of d, Figure 
12c. 

1.5 < u, c 1.6: The region of multiplicity three at higher 
values of d unfolds and a single multivalued region is main- 
tained, Figure 12d. 

1.6 < u,, I 2.0 A new multivalued region of multiplicity 
three shows at larger values of d but with three branches. This 
region consists of a top branch from the preceding diagram and 
underneath it a finger-type branch, constituting an isola-type 
bifurcation. This finger moves upward as u, increases and 
touches the top branch at u, = 2, Figure 12e. 

2.0 < u, I 2.3: A new finger branch is created at the top 
region of the diagram with thesame upward trend with u,,,. The 
branch below the finger folds on itself, forming a new kind of 
bifurcation diagram of the mushroom type, and a region of mul- 
tiplicity five appears for the first time, Figure 12f. 

2.3 4 u,,,,, I 2.4: The finger moves further to the top and 
right region of the diagram, finally causing the region of multi- 
plicity five to disappear, Figure 12g. 

2.4 < u,, I 2.7: Three regions of multiplicity three can be 
found, Figure 12h. 

2.7 u, 5; 2.9: The folding of the lower branch for larger 
particles continues and two regions of multiplicity three are 
present, Figure 12i. 

2.9 i u, I 5 :  A new region of multiplicity five can be 
found for the lower particle size range. Meanwhile, the top fin- 
ger has moved out of the diagram region, Figure 12j. 

The possible existence of multiple solutions raises the problem 
of the stability of such solutions. This problem can be analyzed 
by recasting Eq. 24 in terms of forces and examining whether 
they are in a stable or unstable equilibrium when they are in bal- 
ance. The ratio of the gravity force F G  to the drag force F D  is 
then expressed as: 

where gR(UR) is a function that takes the value one, whenever 
vR = vRr. In Figure 13 this function is shown for u, = 4.5 m/s 
and for three different sizes. For the two smaller values of d, the 
function gR(vR) takes the value one for three different values of 
uRV but at the largest d size takes a value of one only once. Con- 
sider the curve for d = 750 pm. There are three points, S,, U,, 
and S,, where g R  takes the value one. The stability of each point 
can be inspected by analyzing the behavior of g R  around each of 
these points. 

Around the point S , ,  the behavior of g R  is as follows: if lvRl is 
increased, then g R  is greater than one, which means that the 
drag force is greater than the gravity force. Consequently v, the 
particle velocity, will increase with a consequent decrease of 
IvRJ. Thus the droplet has the tendency to return to S ,  and the 
point is stable. If lvRl isdecreased below V,,at S,, thedrag force 
is smaller than the gravity force and the particle decelerates, u 
decreases, lvRl increases, and the condition returns to S,. This 
behavior is associated with the positive slope of g, at S,. Since S, 
presents the same positive slope, S, behaves like S, and they 
both qualify as stable. 

Around point U2 the following is observed: if I vR I is increased, 
g R  is less than one, i.e., the gravity force is greater than the drag 
force, therefore the particle will accelerate, hence decreasing 
IuR( with time and moving away from U,. The same behavior is 
observed for a decrease in I vRI by similar arguments. Then, in 
this case, the point U, qualifies as unstable. 

This type of stability analyis, by inspection of the function 
g R ( v R ) ,  can be carried out over all the regions of multiplicity, 
with the uniform conclusion that the intermediate branches of 
the solution are unstable. 

For certain regions of the curves, the branches are so close 
that for variations in U, on the order of u,,, the droplet velocity 
uRT can jump from one stable branch to another. Consider a 
droplet of 1,000 pm in an annular flow field with u,, = 3.0 m/s, 
Figure 12j. Assume that the particle achieved the largest of the 
three possible terminal velocities predicted. At this condition, 
say the particle velocity is v. Turbulent gas flow is accompanied 
by significant fluctuations in velocity. As eddies having different 
velocities sweep across the particle, the relative velocity 
changes. For example, if the local gas velocity increases the 
value of uR will decrease, and the point moves down in the bifur- 
cation diagram, eventually crossing the unstable branch. The 
reverse situation is also possible. This implies a stochastic pro- 

d = 500pm 
d = 750 prn,y- 

o w  3 6 9 12 15 

Iv IR (m/s) 
Figure 13. Bifurcation diagrams of terminal velocity vs. 

droplet size for different levels of turbulence. 
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cess suggesting that a single measurable vRTmay not exist. Toro- 
bin and Gauvin (1961) found very large scatter in the values of 
C, calculated from measured values of vR for conditions of Re 
close to Re,. Clift and Gauvin (1971) mention the possible exis- 

analyzed. 

30 

tence of multiple solutions for vRTr but the problem was never 25 

This stability analysis can only describe the behavior close to 

predict the velocities by integration of the equation of motion for 
comparison with the experimentally measured velocities a t  the 
centerline. 

equilibrium. In the section that follows an attempt is made to 20 

v: 15 

Droplet flight velocity 10 

During annular flow over 95% of the entrained mass, flow is 
carried in drops that are greater than 200 pm in diameter 
(Lopes and Dukler, 1986). For drops of this size the criteria of 

5 

0 0  V, = 1.0 m/s 
A 4  
+ 6  
x 8  

Lumley (1957) can be used to show that turbulent fluctuations 

in a near-linear trajectory after the initial acceleration period 
(Lopes and Dukler, 1986). This has been confirmed by visual 
experiments by Cousins and Hewlett (1968) and Andreussi 
(198 1) .  As the drop is released from the annular film its initial 
axial velocity, vz0, is assumed to be the velocity of the interfacial 

have negligible influence on the drop motion, the drops moving 0 
0 3 6 9 12 15 

d (am) x10- *  

Figure 14. Axial velocity vs. droplet size predictions at 
centerline for different levels of turbulence. 

waves. Experiments by Zabaras (1985) in the same test section 
at  similar gas and liquid rates showed that the wave velocity was 
about 3 m/s. The radial velocity, v,, is constant a t  its ejection 
velocity, as presented above. For purposes of these calculations 
the gas velocity was assumed constant a t  its centerline value, 
1 .4UGp A convenient way to solve Eq. 9 subject to these condi- 
tions is to use its integral form: 

t - t ,=  

where Re = ( d ~ ~ ~ R ~ ~ / v g )  and I ,  = ( u r m S / ~ ~ g R ~ ~ ) .  In this way a qua- 
drature procedure can be applied to evaluate the integral with- 
out any numerical problems due to discontinuities in the approx- 
imate expressions for C, as given by Eqs. 11-23. For solution, 
the values of d,  vzo, and v, are selected. Equation 26 is solved by 
quadrature to obtain a series of values of v, that correspond to a 
series of values o f t .  This process is continued until t = t,, the 
time of flight between the interface and the centerline given by: 

where D is pipe diameter. 
The values of v, corresponding to t ,  can be compared with the 

measured centerline axial velocities shown in Figure 5. The 
results of this integration are presented in Figure 14 as function 
of drop diameter, d. A constant pressure gradient of 02 = 

- 550 N/m3 was used. Calculations were executed for u,~, vary- 
ing from 0 to 10 m/s using the set of Eqs. 11-23 to compute the 
drag coefficient. 

For zero turbulent intensity the calculated axial velocity a t  
the centerline decreases monotonically. With increasing turbu- 
lence levels the velocity first decreases a t  low d and then displays 

a large region of increasing v, with increasing diameter, just as 
observed in the experimental data presented in Figure 5. At 
higher values of d the velocity reaches a maximum after which it 
decreases again with increasing size. This effect is also sug- 
gested by at  least some of the data. 

The location of the minimum that occurs a t  low d is asso- 
ciated with the drag crisis and the value of Re, a t  which it takes 
place. As the critical Reynolds number decreases, so will the 
value of d a t  which the minimum is observed. The movement of 
the large drops is controlled by the drag coefficient in the super- 
critical region of its curve, while the velocity of the small drops is 
determined by the subcritical portion. Thus the location of the 
critical point is important to the degree of quantitative compari- 
son that can be expected. For example, Torobin and Gauvin 
(1961) suggested the following relation between Re, and inten- 
sity IR: 

45 
Re, = f;; (49) 

'R 

which predicts lower values of the critical than do Eqs. 1 1  and 
12. The various branches of the C,-Re curves were shifted to fit 
this new critical and the velocity curves recalculated; the results 
appear in Figure 15. Still closer agreement is observed. While 
the trend is consistent with that observed experimentally, in 
order to get approximate quantitative agreement it is necessary 
to assume that the turbulent fluctuations can average as much 
as 40 to 50% of the gas velocity. In the presence of a highly agi- 
tated gas-liquid interface and as a result of the wakes created by 
the presence of the drops, these turbulence levels do not appear 
to be unreasonable. Kada and Hanratty (1960) found similar 
high values of turbulence for turbulent flow in pipes entraining 
small glass spheres. Low sphere concentrations could produce a 
2.5-fold increase in the turbulent diffusion. However, a full test 
of the speculations presented here awaits the measurement of 
drag coefficients for drops or particles in situations where the 
relative turbulence intensity is comparable to that which exists 
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Figure 15. 
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Axial velocity vs. droplet size predictions at 
centerline with modified drag curves at dif- 
ferent levels of turbulence. 

during annular flow. Such measurements are now in progress 
and  will be reported in due  course. 
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Notation 
CD = drag coefficient 
d = droplet diameter 

D = column diameter 
f, = number-axial velocity probability density function 
FD = drag force 
FG = gravity force 
g = acceleration of gravity 

gR = force ratio function, Eq. 25 
IR = relative turbulence intensity 
- k = vertical unit vector 
r = radial coordinate 

dmOx = maximum droplet diameter 

r, = radial coordinate of measurement point 
Re  = droplet Reynolds number 
Re, - droplet critical Reynolds number 

Re, - gas Reynolds number p8UGsD/pg 
Re, - Re parameter, Eq. I3 
Re, = Re parameter, Eq. 15 
SR = slip ratio 
S,, - slip ratio at centerline 

tF - time of droplet fight 
u* = friction velocity of gas phase (i,/p8)”? 

u , ~  = root mean square turbulent gas velocity 
U, = average axial velocity of gas in gas core 

VGs = superficial gas velocity 4WG/(P8ir0*) 
UGo = axial velocity of gas at  centerline 
U, = superficial liquid velocity 4WL/(pprD2) 
Us - gas slip velocity 

Us0 = gas slip velocity at centerline 
v, = droplet radial velocity 
v, - relative droplet velocity 

vRT = relative droplet terminal velocity 
v, = droplet axial velocity 

vz0 = droplet axial velocity at  centerline 

V = droplet volume 
WG = gas mass flow rate 
W, - liquid mass Row rate 

z = vertical coordinate 

Greek letters 
y = density ratio, p,/p, 

rc, =. gas viscosity 
ii - interfacial shear stress 
pg - gas density 
p, - liquid density 
vP - pressure gradient 

v,p - z-component of pressure gradient vector 

Superscripts 
- 
x = mean or average value of variable x 

xc - class value of variable x 

Subscript 
5 = denotes variable x as a vector 
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